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ABSTRACT 


The  purpose  of  this  paper  is  to  report  an  empirical  and  the¬ 
oretical  study  of  factorial  invariance o  A  factor  is  considered  in¬ 
variant  if  it  can  be  shown  to  be  independent  of  both  the  sample  of 
individuals  tested  and  the  sample  of  variables  used  in  the  analy¬ 
sis,  Defining  invariance  in  this  way  poses  two  problems:  design¬ 
ing  techniques  for  assessing  invariance  and  determining  what  kind 
of  meaning  should  be  attributed  to  an  invariant  factor. 

In  order  to  shed  some  light  on  these  questions  two  matrices 
of  correlations  based  on  two  independent  determinations  of  the 
photopic  visibility  curve  were  factored  and  rotated  to  oblique 
simple  structure.  The  first  matrix  yielded  red,  green,  and  blue 
factors  and  the  second  matrix  yielded  red,  green,  yellow,  and 
blue  factors.  Kaiser's  and  Wrigley's  methods  of  relating  factors 
were  applied  in  an  attempt  to  determine  the  degree  of  similarity 
of  the  two  sets  of  factors.  The  results  indicated  that  the  red, 
green,  and  blue  factors  from  the  two  studies  were  very  similar. 
Kaiser's  method  of  relating  factors  is  probably  superior  since 
it  is  more  objective  than  Wrigley's  method. 

Whan  the  factors  were  plotted  against  the  spectrum  the  re¬ 
sulting  curves  appeared  similar  to  curves  that  have  been  propos¬ 
ed  by  physiologists  to  account  for  the  action  of  color  receptors. 
This  suggests  that  invariant  factors  may  be  interpreted  as  hypo¬ 
thetical  constructs. 

The  author  suggests  that  an  invariant  factor  matrix  be  de¬ 
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where  the  refers  to  independently  rotated  factor  matrices. 
From  this  it  seems  to  follow  that 

N 

lim  _1  E  — *1 

N-*  N  i  =  l 

where  is  a  transformation  that  carries  each  into  the  best 
average  of  them  all;  must  hold  if  IXis  to  be  unique. 
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The  Problem 

The  purpose  of  this  paper  is  to  report  an  empirical  and 
theoretical  study  of  factorial  invariance.  Factorial  invariance 
refers  to  the  degree  of  similarity  of  factorial  results  when  a- 
nalyses  are  performed  on  different  samples  of  individuals  using 
different  samples  of  variables.  If  factor  analysis  is  considered 
as  a  technique  for  identifying  psychological  variables  which  are 
then  to  be  studied  by  other  techniques,  factorial  invariance  be¬ 
comes  one  of  the  most  important  problems  of  contemporary  factor 
theory;  for  unless  a  factor  is  independent  of  both  the  sample  of 
individuals ■ tested  and  the  sample  of  variables  used  in  the  anal¬ 
ysis  it  can  not  be  considered  as  an  independent  psychological  var¬ 
iable  . 


Factorial  invariance  apparently  involves  two  problems. 
First  there  is  the  problem  of  designing  techniques  for  assessing 
the  degree  of  factorial  invariance.  Then  there  is  also  the  ques¬ 
tion  of  what  meaning  should  be  attributed  to  invariant  factors. 
Should  they  be  considered  as  some  type  of  descriptive  measure, 
such  as  a  standard  deviation,  or  do  they  possess  the  status  of 
intervening  variables  or  hypothetical  constructs? 

Specifically,  then,  an  attempt  will  be  made  to  empirical¬ 
ly  examine  these  questions.  First,  two  independent  sets  of  data 
from  the  same  domain  will  be  factored  and  rotated  to  oblique 
simple  structure.  Then  several  of  the  better  techniques  for  as¬ 
sessing  factorial  invariance  will  be  applied  in  an  attempt  to 
determine  if  the  factors  possess  a  considerable  degree  of  in- 
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variance.  And  finally,  if  the  factors  seem  invariant  an  attempt 
will  be  made  to  determine  what  kind  of  construct  they  represent. 

After  considering  several  sets  of  data,  two  matrices  of 
correlations  (Jones,  1948;  Jones,  1950),  based  on  two  independ¬ 
ent  determinations  of  the  photopic  visibility  curve  were  chosen. 
These  psychophysical  data  were  chosen  over  other  purely  psycho¬ 
logical  data  chiefly  because  considerable  non-factorial  knowl¬ 
edge  is  available  concerning  the  psychophysiology  of  vision. 
This,  it  was  hoped,  would  make  possible  an  attempt  to  relate 
factors  to  other  non-factorial  knowledge  and  thereby  throw  some 
light  on  the  nature  of  invariant  factors. 


3 


Techrdques  for  Assessing  Invariance 

In  factor  analysis  as  in  other  statistical  techniques  a 
sample  is  taken  from  a  universe,  measurements  are  made  qji  the 
individuals,  these  measurements  are  treated  according  to  a 
mathematical  model  and  then  an  attempt  is  made  to  make  inferen¬ 
ces  about  the  universe  that  was  sampled.  In  factor  analysis 
one  is  dealing  with  two  universes?  (1)  a  universe  of  indi¬ 
viduals  from  which  the  sample  of  individuals  who  take  the 
tests  is  drawn,  and  (2)  a  universe  of  psychological  content 
from  which  the  sample  of  variables  used  in  the  analysis  is 
drawn.  This  leads  to  the  four  special  cases  of  factorial 
invariance  listed  in  the  table  below,  Hunka  (1962)  has  lis¬ 
ted  the  procedures  which  seem  most  appropriate  for  each  case. 


« 

1 

Psychological  Content 

!! 

i 

:l 

same  variables  different  variables 

INDIVIDUALS 

i  Same 

Individuals 

(1)  (2) 
Kaiser  1960a  Kaiser  1960b 

Wr igley-Neuhaus  Tucker  1958 

1955  Wrigley-Neuhaus 

1955 

Different  | 

Individuals  ! 

(3)  (4) 

Ahmavaara  1954  No  adequate 

Burt  (1948)  solution 

Kaiser  (1960b) 

Tucker  (1951) 

Cattell  (1949  and  1960) 
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Of  the  four  special  cases  mentioned  in  the  table  mast 


attention  has  been  paid  to  (2)  different  variables  -  same  in¬ 
dividuals,  and  (3)  same  variables  -  different  samples.  The 
reason  is  that  the  first  case,  same  individuals  -  same  va¬ 
riables,  or  factor  reliability,  is  not  very  interesting 
because  it  lacks  generality?  and  the  fourth  case,  diff-erent 
variables  -  different  samples,  though  it  is  most  general  and 
therefore  most  interesting  seems  to  have  no  adequate  objective 
solution.  In  this  last  instance  a  factor  is  independent  of 


both  the  sample  of  individuals  tested  and  the  sample  of  varia¬ 
bles  used  in  the  analysis  and  can  surely  be  regarded  as  a 
significant  independent  psychological  variable. 


Cattell  (1962)  has  listed  six  sources  of  evidence  that 

can  be  used  to  assess  the  degree  of  invariance  of  a  simple 

structure  factor.  They  are; 

" (1)  The  nature  of  the  factor  pattern  of 
loadings,  (  or  some  related  dimension  variable 
relation  profile),  or  some  function  thereof. 

(2)  The  agreement  of  the  set  of  correlations 
of  the  given  factor,  in  its  own  matrix,  with 
other  (different,  already  identified)  factors 
in  that  matrix,  with  the  set  known  to  be  typi¬ 
cal  for  that  factor,  from  other  matrices. 

(3)  The  absolute  size  of  the  mean  variance 
contribution  of  the  given  factor  in  relation 
to  a  standard,  stratified  sample  of  variables. 

(4)  Regard  for  "proof  by  elimination".  This 
requires  that  every  well  designated  factor 
experiment  should,  regularly  and  systematically, 


include  among  the  variables  introduced  to 
study  its  own  special  research  topic,  or 
domain,  a  context  of  marker  variables, 
chosen  to  represent  comprehensively  the 
well  known  established  factors, 

(5)  The  behavior  of  the  factor  as  a  psycho¬ 
logical  entity,  treated  as  an  independent 

or  dependent  scientific  variable,  when  in¬ 
volved  in  subsequent  accompanying  manipula¬ 
tive  experiment, 

(6)  Regard  for  the  character  of  the  modifica¬ 
tions  in  (1)  ,  (2)  ,  ( 3)  ,  and  (4)  above  that 
would  be  predicted  from  (a)  sampling  error, 

(b)  real  differences  in  population  (selection) , 

(c)  changing  reliabilities  of  variables,  (d) 
changing  conditions  of  administration  of  tests, 
and  (e)  differences  of  experimental  design, 

as  between  R-,  P-,  and  incremental  R-  techniques." 


Although  all  these  sources  of  evidence  need  to  be  considered 
in  order  to  establish  the  degree  of  invariance  of  a  factor,  (1) 
and  (5)  are  obviously  the  most  important.  For  unless  two  fac¬ 
tors  have  approximately  the  same  loading  profile  they  are  not 
the  same  factor.  And  even  though  all  other  evidence  points 
to  invariance,  if  a  factor  does  not  behave  as  a  stable  psycho¬ 
logical  variable  in  other  types  of  experiments  it  could  not 
be  considered  as  an  invariant  factor.  For  these  reasons  this 
paper  will  be  primarily  concerned  with  (1)  comparisons  of  pro¬ 
files  of  loadings,  and  (5)  looking  at  the  factors  as  psycholo¬ 
gical  constructs. 


Since  factor  loadings  are  proportional  to  the  standard 


deviation  of  the  tests  they  represent,  (Henrysson,  1957)  ,  one 
should  compare  only  analyses  based  on  covariance  or  loadings 
corrected  for  variance  difference  (Tucker,  1951) ,  If  different 
studies  are  to  be  compared  the  factor  loadings  should  be  esti¬ 
mated  by  the  maximum  likelihood  method  since  loadings  deter¬ 
mined  in  this  manner  are  independent  of  the  units  of  measure¬ 
ment  of  the  tests o 


However,  Tucker  (1951)  has  pointed  out  that  if  the  ana¬ 
lyses  were  carried  out  on  correlations,  an  adjustment  to 
the  rows  of  the  factor  matrices  can  make  them  comparable „ 

He  recommends  that  A,  the  factor  matrix  for  the  first  study, 
be  pre-multiplied  by  a  diagonal  matrix  d^^  defined  as 


■jA 


(1) 


and  the  factor  matrix  for  the  second  study,  be  premulti¬ 
plied  by  defined  as 

where  a.  and  c  represent,  respectively,  the  standard  de- 
dA  jB 

viations  of  the  variables  from  study  A  and  study  B.  However, 

•  ft 

» 

these  considerations  are  not  so  important  if  the  studies  have 
been  rotated  to  simple  structure  which  is  independent  of  the 


units  of  measurement  of  the  tests  (Thomson^  1951)  » 

The  most  common  method  for  attempting  to  assess  factorial 
invariance  has  been  the  use  of  some  form  of  correlation* 
However,  as  Barrow  and  Burt  (1954)  have  pointed  out,  the 
ordinary  correlation  cannot  be  used  to  assess  factorial  in¬ 
variance  because  it  is  based  on  deviations  from  the  meano 
For  example,  if  the  correlation  coefficient  were  calculated 
for  two  factors  that  were  very  similar  except  that  one  had 
slightly  higher  (than  its  mean)  loadings  on, one  end  and  the  • 
other  had  slightly  higher  (than  its  mean)  loadings  on  the 
Other  en<3,  then  the  correlation  between  the  loadings  would 
ba  low  negative o  Yet  these  factors  could  really  be  very 
similar o  In  order  to  assess  the  degree  of  similarity  be¬ 
tween  two  sets  of  loadings  the  degree  of  proportionality 
between  the  sets  of  factor  scores  or  measurements  must  be 
determined o  This  requires  the  calculation  of  the  unadjusted 
(for  means)  coefficient  of  correlation. 

The  most  common  correlational  index  of  factorial  in¬ 
variance  is  the  Burt  (1948)-,  Tucker  (1951)-,  Wrigley  (1955) 
procedure o  They  propose  that  in  case  (2) ,  same  individuals- 
different  variables,  that  the  scalar  products  of  the  vectors 
of  factor  scores  be  used  as  an  index  of  factorial  invariance. 
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The  index  can  be  calculated  from  the  following  formulas 


n  , 


^  Pji  ^ki 

i^l 


(3) 


where 


^jk  ”  index  of  similarity  for  factor  j  of  first  study  and 
factor  k  of  second  study, 

-  factor  score  of  person  i  in  factor  j  of  first  study 
qki  -  factor  score  of  person  i  in  factor  k  of  second  study. 

The  index  is  a  measure  of  the  proportionality  of  the  two 
vectors  of  factor  scores.  In  geometric  terms  it  give  the 
cosine  of  the  angle  between  the  two  normalized  vectors  of 
factor  scroeSo  The  index  ranges  through  ±  1,00?  when  it  is 

near  to  either  +  1,00  or  —  1,00  the  factor  loading  profiles  may 
be  considered  identical ^  when  it  is  near  zero  they  may  be  con¬ 
sidered  orthogonal.  Since  this  method  is  applicable  whenever 
we  have  the  same  individuals  it  can  also  be  used  for  case  , 
same  individuals  -  same  variables, 

Burt  (1948) ,  Tucker  (1951)  and  Wtigley  (1955)  have  attempted 
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same  variables  -  different 


to  apply  this  technique  to  case  (3)  , 
samples  o  X21  thia  case  the  index  takes  the  forms  j 
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(4) 


where 

=  the  index  of  invariance  for  factor  j  of  study  one 
and  factor  k  of  study  twOo 

f. .  =  the  ith  loading  of  the  jth  factor  of  study  onSo 
^ik  ^  loading  of  the  kth  factor  of  study  two^ 

Here  the  index  gives  the  angle  between  the  two  vectors  of  factor 
loadings  o 

But  Kaiser  (1960b}  has  pointed  out  several  difficulties  in 
this  case.  The  chief  difficulty  is  that  one  must  assume  that  a 
colamri  of  factor  loadings  defines  a  factor.  However,  this  is 
not  true,  though  a  row  of  a  factor  matrix  defines  a  variable  in 
term$i  of  a  linear  combination  of  factor  loadings,  a  column  of 
a  factor  matrix  does  not  define  a  factor  in  terms  of  a  linear 
combination  of  variables.  It  can  be  shown  (Harman  1960)  that 
the  coefficients  for.  the  linear  combination  of  tests  that  define 
a  factor  are  b”R“^„  where  b  is  a  vector  of  primary  factor 
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strucJiure  arid  R  ^  is  the  inverse  of  the  original  correlation 
matrix „ 

Kaiser  (1960b)  has  attempted  to  rationalize^..  here 
written  in  vector  notations  for  greater  simplicity 


where  and  b2  are  any  vectors  of  factor  loadings  from  study 
one  and  two „ 


The  factor  or  its  estimate  from  study  one  is  given  by 


b'  R, ^  Z,  ,  and  from  study  two  by  bl  Z  „  The  index 
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where 

b  and  b  =  nxl  vectors  of  primary  factor  structure  from 
“1  “2 

studies  one  and  two  respectively » 

R~^  and  R“^  =  respectively  the  inverses  of  the  correlation 
“11  “22 

matrice  of  studies  one  and  two„ 


R  =  the  n  x  n  cross  correlation  matrix  between  the  two 
“12  1  2 


studies „ 


is  th.0  crucial  missing  ©lenient  in  this  case  of 
p  If  we  assume  only  the  same  vaxiahles 
and  than  n^  =  n^  =  n^,  and  if  =  r^^  (approximately 

in  samples^  exactly  in  populations)  then  the  index  reduces 
to 


-1 
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Now  only  if  R”^  =  I 
coefficient^  reduce 
factors  o 


would  the  Burt— -Tucker -Wrigley-Neuhaus 

J.  ^  • 


to 


the  real  correlation  between  the 


However,  if  R  ^  were  scalar,  then  b ° R  ^  would  be  proportional 
could  mak^-  an  approximate  interpret ationo  Guttman 
(1940  and  1953)  has  shown  that  for  factor  analytic  procedures 
to  have  validity  for  drawing  inferences  from  a  sample  of  variables 
to  a  universe  of  psychological  content  it  is  sufficient  that 
R  ^  become  diagonal  as  n  approaches  infinity„  For  a  finite  sam¬ 
ple  R  ^  should  be  nearly  diagonal,  but  even  this  will  not  occur 
unless  the  variables  are  a  comprehensive  sample  of  the  universe 
of  psychological  content „  Now'  if  these  conditions  have  been 
met  R  ^  can  become  scalar  only  if  when  there  are  no  factors 

in  the  usual  sense,.  Thus  will  always  be  distorted  because 

1 2 

R  ^  will  never  be  exactly  scalar o 
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This  index  compares  factors  as  they  stand,  but  it  is 
possible  that  some  other  slightly  different  rotation,-  might 
give  a  higher  index  of  sim.ilarity„  Both  Tucker  (1951)  and 
Vftrigley-Neuhaus  (1955)  have  proposed  transformations  that  will 
ensure  that  the  index  is  a  maximum, 

Wrigley-Neuhaus  (1955)  propose  to  find  orthogonal  trans¬ 
formations  T  and  ^  of  each  factor  analysis  and  so 
that  each  factor  loading  vector  of  study  one  is  orthogonal 
to  all  but  one  factor  vector  of  study  two.  They  show  that 

T  is  the  matrix  of  latent  vectors  of  (F '  F=^)  (F '  F^)’ 

“1  1^12 

and  T  is  the  matrix  of  latent  vectors  of  (F '  F,)  (F'  F,)’, 

“2  2  2  1 

The  index  is  then  computed  oil  the  columns  of  F^,.  T  and 

X 

~2  “2°  both  factor  analyses  were  performed  on  the  same 

individuals  and  factor  scores  were  compared  this  procedure 
would  be  equivalent  to  computing  the  canonical  correlation 
for  the  two  sets  of  variables  (Wrigley  1955) , 

Tucker  uses  a  similar  procedure  though  his  goal  is 
somewhat  different.  While  Wrigley-Neuhaus  (1955)  are  con¬ 
cerned  with  the  degree  of  similarity  between  two  sets  of 
factors.  Tucker  (1951)  is  concerned  with  factor  matching, 
ioBo  finding  two  sets  of  factors  which  may  be  considered 
essentially  the  same. 
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In  order  to  achieve  irLaxi.mum  congruence  he  wishes  to 
maximize  the  projection  of  factor  one  in  study  one  on  factor 
one  of  study  twOo  This  can  be  achieved  by  minimizing 
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i=l 
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when  f^j  is  the  ith  loading  on  the  jth  factor  of  study  one,  and 

■* 

g^^  is  the  ith  loading  on  the  kth  factor  of  study  two„  may 

be  considered  to  be  a  measure  of  the  extent  to  which  the  factor 


rf 


from  the  two  studies  can  be  replaced  by  their  average. 


He  shows  that  when  g  is  minimized 
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his  proposed  measure  of  congruence  is  maximized  and  that  they 
are  related  by  the  relation 
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In  order  to  get  maximum  congruence  he  applies  the  following 
\  \ 

traits  format  ions  to  the  factors  from  the  two  studies  „ 


where 
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=  eigenvectors  of 

=  the  square  roots  of  the  inverse  of  the 
eigenvalues  of 

=  the  square  root  of  the  inverse  of  the 
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=  a  constant  that  will  on  the  average 


normalize  both  tranf ormation  matrices. 
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He  discards  the  factors  that  have  a  value  and  rotate 

the  remaining  ones  for  each  study  to  simple  structure o 


The  Tucker  (1951)  and  Wrigley-Neuhaus  (1955)  methods  seem 
very  similar „  They  put  both  sets  of  factors  into  the  same  space 
and  use  some  method  of  maximizing  the  projections  of  the  factors 
they  wish  to  compare o  However,  Kaiser  (1960)  reverses  this  pro¬ 
cedure  o  He  puts  the  two  sets  of  test  "vectors  into  the  same  space, 
rotates  them  for  maximum,  overlap  and  then  determines  the  angles 
between  the  factor  vectors «  The  cosines  of  these  angles  are  in¬ 
terpreted  as  correlations  between  the  factors  from  the  studies „ 


He  post-multiplies  ^  transformation  K  such  that  the 

test  vectors  of  have  maximums  projection  on  the  test 

vectors  of  the  o  He  defines 

P  =  Z.2)  ' 

where  and  F^  are  any  orthogonal  factorings  of  R  and  R  ,  the 
1  2  1  z 

correlation  matrices  for  the  two  studies.  The  eigenvectors  and 
eigenvalues  of  are  then  determined, 

p  =  fp.  p  )  (F>  p  )  >  ^  (14) 
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since  U  M  U'  provides  the  conditions  for  maximizing  test  vector 
projections  we  have 
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Solving 
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Kaiser  is  not  particularly  interested  in  the  transformed  factors 

but  in  T'K  and  its  relation  to  T’.  where  T'  and  T‘  are  transfor- 
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mation  matrices  that  rotate  F  and  F  to  simple  structure  on 
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the  primary  facSiors,  The  cosines  between  the  factors  of  the 
two  studies  is  then  given  by 
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More  generally  the  cosines  between  all  r^  factors  of  study  one 
and  all  r2  factors  of  study  two  are  given  by 
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Where  L  and  are  correlations  between  factors  within  studies 
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ar*d  L ^  ^  and  its  transpose  give  the  proposed  measure  of  factor 


^2 

similarity, 


Since  the  method  is  based  on  the  rotation  of  communality 
1 

vectors  rather  than  test  vectors  it  should  probably  not  be  app¬ 
lied  when  one  study  has  many  more  factors  than  the  other «  In 
this  case  the  communality  vectors,  even  though  based  on  the  same 
variables,  could  differ  appreciably,  because  of  the  possibility 
thist  the  greater  number  of  factors  could  convert  specific  va¬ 
riance  into  common  variance o  A  related  difficulty  is  that  the 
longer  communality  vectors  will  have  more  weight  and  will  there¬ 
fore  bias  the  rotation  to  maximum  overlap o  One  way  to  avoid  this 
difficulty  would  be  to  normalize  the  rows  of  both  factor  matri¬ 
ces  o 


One  may  desire  a  measure  of  the  closeness  of  the  two  sets 
of  test  vectors  after  the  transformation  K  has  been  applied » 

The  cosines  between  the  N  pairs  is  given  by  the  diagonal  of  the 
matrix o 

A  =  F  K*  (21) 
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where  and  diagonal  matrices  of  the  square  roots  of  the 

lo  A  communality  vector  refers  to  a  vector  that  represents  the 
common  part  of  a  testo 
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commur.alities  of  the  tests  from  the  two  studies.  Inspection  of 
these  values  can  help  determine  if  any  pair  of  tests  was  a  fjoor 
match o  A  mean  measure  of  the  fit  can  also  be  defined 

S  =  ™  trace  [R~^  F,  K  F’  h“^ ]  (22) 

“  n  — ^  ~  _2 


^  varies  between  zero  and  one  and  could  be  interpreted  as  an 
average  of  the  correlations  between  the  n  pairs  of  tests. 


Ahmavaara  (1954)  provides  what  is  probably  the  simplest 
method  of  assessing  invariance.  Given  two  sets  of  factors  F^^ 
and  F^  he  wishes  to  find  a  transformation  X-,  ^  that  will  carry 
F-L  into  F^ 


(23) 


solving  for 


F 

-2 


=  (Zi  z^)  (zj  Z2) 


(24) 


The  rows  of  ^^2  normalized  to  give  the  proposed  measiire  of 


factorial  invariance. 
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Another  transformation  X„,  which  carries  F  into  F  may 

—2  —1  ^ 

be  found 
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Obviously  is  not  equal  to  5^22^  ^  change  of  subscripts 

could  give  a  different  result! 


In  the  case  of  oblique  factors  Ahmavaara  wants  to  compare 
pattern  on  primaries  for  the  studies  concerned.  He  proceeds 
in  the  following  manner: 

=  -1^”^  -i  ^ 
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where 


X“  =  the  relationship  between  primary 
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factors  of  the  first  study  and  the 


unrotated  factors  of  the  second  study. 


V  *  matrix  of  pattern  on  primaries  for  the 

first  study 


=  unrotated  factor  matrix  for  the  second  study. 
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The  measure  of  invariance  is  then  given  by 


where  (  X  2 
P  into 


Xi2  =  i'2  (2^2  £2")  (27) 

is  the  transformation  matrix  that  Carries 
the  pattern  on  primary  for  study  t.Wo„ 


Ahmavaara”s  transformations  X  and  X  carry  one  factor 

“”12  “21 

space  into  another^  but  since  transformations  are  defined  only 
between  subspaces  of  the  same  space where  a  subspace  may  be 
the  total  space f  this  procedure  is  not  mathematically  defined. 

In  order  for  his  transformations  to  be  mathematically  legitiimate 
he  would  have  to  assume  that  both  factor  spaces  were  subspaces 
of  another  space  of  at  least  r  dimensions where  r  is  the 
dimensionality  of  the  largest  factor  space.  If  it  were  pos¬ 
sible  to  define  a  "domain  space"  the  problems  of  factorial 
invariance  would  be  greatly  simplified , 


Kaiser  (1960)  and  Bargmann  (1960)  severely  criticize 
Ahmavaara  on  a  number  of  points,  Kaiser  believes  that  his 
procedure  is  only  defined  for  different  orthogonal  rotations 
of  the  same  original  unrotated  factor  matrix.  In  this  case 
he  shows  that 
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and 


-22  -21 


(29) 


where 


—12  “  respectively  the  correlations 


between  the  factors  of  the  two 


different  rotations 


of  the  factors  within  rotations 


one  and  two . 


Thus  Xi2  will  give  the  correlations  between  the  factors  of  the 
two  different  rotations  when  the  correlations  within  the  first 
study  are  zero  and  X21  give  the  correlations  for  the 

different  rotations  when  the  correlations  within  the  second 
rotation  are  zero. 

And j  according  to  Kaiser,  in  the  case  of  two  oblique  ro¬ 
tations  from  the  same  original  arbitrary  factor  matrix 
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Thus  Xi2  and  X21  no  readily  apparent  relation  to  each  other. 

Since  one  generally  does  not  wish  to  make  the  restrictive  assump¬ 
tion  that  the  two  factor  matrices  to  be  compared  are  merely  dif- 

2 

ferent  rotations  of  the  same  factor  matrix,  Kaiser  is  probably 
correct  when  he  calls  Ahmavaara's  method  "hopelessly  naive". 

.  Tncker  (1958)  has  devised  what  he  calls  an  interbattery 

method  of  factor  analysis  which  may  be  used  to  study  invariance 

when  the  sample  of  individuals  is  the  same,  but  the  tests  are 
3 

differento  Given  two  test  batteries  administered  to  the  same 
individuals  the  complete  set  of  correlations  between  all  tests 
may  be  represented  by  a  super  matrix. 


Ell  E21 

R  - 

Ei2  E22 


(32) 


when  and  "^22  intercorrelations  within  the  two  bat¬ 
teries  and  R^2  transpose  are  the  intercorrelations 

between  the  tests  from  the  two  batteries.  Using  the  fundamental 


2.  Personal  communication  (1962) 

3o  Werdelin  (1963a)  has  recently  developed  another  interbattery 
method.  It  seems  to  be  similar  to  a  special  case  of  the  Wrigley- 
Neuhaus  (1955)  method  which  exists  when  we  have  the  same  indi¬ 
viduals,  different  tests  ahd'  do  not  use  a  transformation  to 
maximize  the  relationship  between  the  two  sets  of  factors. 
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equation  of  factor  analysis 
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Ai  G^  0  j 
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A  2  0  G2 i 

1 

0 

0 

-2  . 

1 
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(33) 


:A2  ^2  ^2  +  ^2  ^2 


Where  A  and  A  are  factors  common  to  the  two  batteries,  though 
1  2 

not  necessarily  the  same,  and  G  and  G  are  matrices  of  unique- 
nesses  for  the  two  batteries. 


He  shows  that  both  A  and  A  may  be  determined  from  R 

^  M  Am  ^ 

alone : 


A  = 
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(34) 
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where 
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^  - 


W 
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eigenvalues  of  ^^2 

or  R '  R  ^ 

“12  “12 

eigenvectors  of  R^^  R^^ 


=  eigenvectors  of  R^^  — j^2 
A^  and  A^  may  be  independently  rotated  to  simple  structure 
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He  has  also  devised  stal^istical  tests  for  the  residuals  and  for 
the  reliability  of  the  factors,  but  does  not  have  much  faith 
in  them  until  more  empirical  evidence  is  available  that  can 
support  their  usefulness. 


Cattell  (1949,  1960)  has  developed  two  techniques  for 

assessing  invariance.  He  has  suggested  that  r  ,  his  coefficient 

P 

of  pattern  similarity,  could  be  used  to  asses  factor  similarity. 
It  is  given  by  the  formula 
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(38) 


where 
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2 


n 


proposed  index  of  similarity 

2 

median  for  X  on  a  sample  of  size  n 
squared  differences  in  factor  loadings 
number  of  common  tests 


There  are  at  present  several  difficulties  with  this  index. 
Since  it  is  based  on  chi  square  it  is  not  applicable  to  oblique 
factors.  At  present  no  transformation  such  as  the  Wrigley— 
Neuhaus  (1955)  or  Kaiser  (1960)  is  available  to  produce  maximum 
relationship?  however  the  wrigley-Neuhaus  or  Kaiser  transfor¬ 
mation  could  possibly  be  used . 
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Cattell  (1960)  has  also  developed  a  nonparametric  index, 

"The  salient  variable  similarity  index  for  factor  matching", 

t 

which  he  uses  to  assess  factorial  invariance.  He  divides  the 
loadings  for  the  common  tests  for  both  studies  into  salient 
and  non  salient,  then  calculates  the  probability  of  the  num¬ 
ber  of  similar  loadings  on  the  salient  variables  that  occurred. 
If  they  could  not  have  occurred  by  chance  through  sampling 
fluctuations  the  factors  are  considered  similar.  There  are 
again  several  difficulties  here.  First  it  is  nonparametric 
and  therefore  does  not  use  much  of  the  information  in  the 
factor  matrices.  Secondly  it  can  only  classify  as  similar  - 
non  similar;  this  is  obviously  not  very  useful. 

In  his  latest  article  on  the  subject  of  invariance,  Cattell 
(1962)  specifies  the  six  different  possible  factor  matrices, 
e.g.  pattern  on  primary,  structure  on  reference,  and  discusses 
which  of  these  should  be  used  when  attempting  to  assess  invar¬ 
iance.  He  concludes  that  a  factor  matrix  from  which  the  effect 
of  second  order  factors  has  been  removed  is  the  one  that  will 
give  the  best  results.  However,  he  does  not  shew  hew  to  cal¬ 
culate  it. 

Now  that  the  different  techniques  for  assessing  the  simi¬ 
larity  of  factor  loadings  have  been  reviewed,  an  attempt  must 
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be  made  to  determir.e  .which  is  the.  most. .oiseful^  ..  The  ..ideal  in¬ 
variance  technique  should  possess  the  following  characteristics s 

(1)  It  should  give  an  index  varying  through  t  1  so  that  it 
will  be  easily  interpretable „  Cattell's  "Salient 
variable  similarity  index"  (1960)  does  not  possess 

this  characteristic, 

(2)  The  index  should  be  applicable  to  both  orthogonal 
and  oblique  factors,  Cattell's  "Coefficient  of  pattern 
similarity"  (1949)  does  not  possess  this  characteristic. 

(3)  A  statistical  test  should  be  available  to  deter¬ 
mine  if  the  obtained  value  is  significant.  None  of  the 
presently  available  techniques  possess  this  characteristic. 
However^  there  is  some  possibility  that  a  statistical  test 
could  be  devised  for  Tucker's  "Inter-battery  method  of 
factor  analysis"  (1958)  and  for  the  Wrigley-Neuhaus  (1955) 
method  of  assessing  factor  similarity  since  both  these 
methods  are  applicable  when  the  same  individuals  have 
been  tested. 

(4)  Transformations  should  be  available  which  make  the 
factors  maximally  comparable  without  destroying  the  simple 
structure.  Simple  structure  will  not  be  destroyed  if  the 
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tr ans format. ion  is  small  in  the  sense  that  it  performs  a 
rotation  through  a  small  angle  in  order  to  achieve  maximum 
similarityo  Kaiser's  (1960)  transformation  comes  closest 
to  meeting  this  characteristic „ 

None  of  the  techniques  reviewed  possesses  all  these  charac¬ 
teristics  «  However j  for  case  (3)  of  different  samples  -  same 
variables,  Kaiser's  (1960)  method  seems  best,  with  Wrigley- 
Neuhaus'  (1955)  procedure  running  second o  For  case  (2)  of  same 
individuals  -  different  variables  either  Tucker's  interbattery 
method  or  Wrigley-Neuhaus  method  of  factor  matching  are  applicable 

A  solution  to  case  (4)  different  individuals  -  different  var¬ 
iables?  will  be  difficult,.  At  present  the  only  available  pro¬ 
cedure  would  be  to  first  establish  the  factorial  similarity  of 
the  two  sets  of  variables  using  a  procedure  such  as  Tucker 'is 
(1958)  interbattery  method o  Then  Kaiser's  or  Wrigley's  method 
could  be  used  to  determine  if  the  factors  are  invariant  over 


different  samples  of  individuals. 
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Color  Vision  and  Factor  Analysis 

The  several  investigators  who  have  applied  factor  analysis  ' 
to  color  vision  data  have  assumed  that  it  can  give  evidence  that 
can  bear  on  the  question  of  how  many  receptors  are  involved  in 
color  perception.  If  invariant  factors  of  color  vision  could 
be  established  then  there  would  be  some  justification  for 
assuming  that  these  factors  are  isomorphic  to  the  entities 
or  processes  that  mediate  color  perception. 

Of  the  eight  factor  analytic  studies  of  color  vision  only 
those  of  Jones  (1954  and  1950> ,  and  Ekman  (1954)  involved  ro¬ 
tation  to  simple  structure.  In  each  of  these  studies  evidence 
was  found  for  a  blue^  a  yellow,  and  a  red  factor. 

In  each  of  these  studies  a  different  method  of  collecting 
the  data  was  used.  In  his  first  study  Jones  used  the  data  of 
Coblentz  and  Emerson  (1918)  who  used  the  method  of  flicker 
spectrophotometry  to  determine  the  average  photcpic  visibility 
curve.  In  his  second  study  he  used  the  data  of  Gibson  and 
Tyndall  (1923)  who  used  the  cascade  method  of  spectrophotometry 
in  order  to  determine  the  average  photopic  visibility  curve. 

In  both'  cases  the  reciprocal  of  the  energy  required  to  reach 
the  absolute  threshold  was  taken  as  a  measure  of  sensitivity 
and  intercorrelated  using  Pearson  product  moment  correlations. 
In  both  studies  red,  yellow,  and  blue  factors  were  found. 
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Ekma:ii  (1954)  used  still  a  different  method.  His  subjects 
rated  the  similarity  on  a  five  point  scale,  of  all  possible 
paired  comparisons  of  fourteen  colored  stimuli  differing  only 
in  huSo  These  values  were  then  converted  to  a  zero  to  one  scale 
and  factored  as  correlations „  Five  f actors s  violet,  blue,  green, 
yellow  and  red  were  extracted  and  rotated  to  orthogonal  simple 
structure „ 

Now  what  can  be  said  about  the  invariance  of  the  blue,, 
yellow  and  red  factors  which  are  common  to  all  three  studies? 

For  greater  clarity  of  exposition  the  loadings  have  been  plot¬ 
ted  against  the  spectrum  in  figures  1,  2,  and  3o 

Inspection  of  figure  1  indicates  that  there  is  considerable 
evidence  for  the  invariance  of  the  blue  factor,.  All  three  cur¬ 
ves  have  the  same  general  shape  and  the  same  raaxittium..  If  it 
were  not  for  the  negative  swing  of  Jones”  (1948)  blue  factor 
in  the  yellow-green  part  of  the  spectrum  there  would  be  little 
doubt  of  the  invariance  of  this  factor.  The  reason  for  this 
swing  is  not  clear  at  present.  One  possibility  might  be  that 
this  blue  factor  is  really  an  improperly  rotated  bipolar  yellow- 
blue  factor.  The  negative  swing  might  also  be  peculiar  to  this 
set  of  data  for  some  unknown  reason.  Still  another  possibility 
is  that  the  factor  is  an  incompletely  rotated  unipolar  blue 
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Til©  evidenc©  foir  tlie  invacianc©  of  th©  yellow  factor  (s©© 
figo  2)  is  not  very  convincing „  There  is  some  overlap  between 
the  curves^  but  no  two  have  the  same  maximpm^ 

From  Figure  3  we  see- both  Jones”  red  factors  are  very 
similar o  But  they  are  bipolar  and  Ekman”s  is  noto  If  we  con¬ 
sider  only  the  positive  poles  of  Jones”  factors  and  Ekman’s 
entire  factor  we  have  considerable  evidence  for  invariance » 

But  then  what  about  the  negative  poles  of  Jones”  curves? 

Jones  thinks  that  the  high  negative  loadings  at  the  blue 
end  of  the  spectrum  mean  that  the  long  wave  (red)  receptor  is 
insensitive  to  blue-green  hues^  but  that  it  is  sensitive  to 
brightness c  Since  brightness  depends  on  wave  amplitude  and 
hue  on  wave  lengthy  this  would  mean  that  the  long  wave  (red) 
receptor  could  respond  to  changes  in  wave  length  only  in  the 
red  end  of  the  spectrum^  but  that  it  could  respond  to  changes 
in  wave  amplitude  thoughout  the  spectrum „  He  does  not  spell 
out  the  meaning  of  his  explanation  in  physiological  terms. 

Pickford  (1951)  has  interpreted  Jones"  red  factors  as 
red-green  bipolar  factors.  This  would  require  that  the  bipolar 
receptor  for  red  and  green  gives  one  type  of  response  for  red 
and  another  for  green.  This  of  course,  is  not  compatible  with 


\  I 


ml 


t*— 


'*“•#  AD 


* 


-.r  '  ; 


I ./ 


v?  9  Jrfp4^ 


1“  tti  r*.#  ; 


■/U  ■  !  *:’ 


.4  >  ^ 


i^n;r 


JONES’  BLUE  FACTORS 


FIGURE 


JONES’  YELLOW  FACTORS 


(/) 
QC  O 

o  z 


FIGURE 


JONES’  RED  FACTORS 

LEGEND: 

-  JONES  1948 

X - X  JONES  1950 

FACTOR 
LOADING  S 


I 


r  1 

iki  iJlMf 


the  principle  of  " specif ie  energies  of  nerves"  and  the  "all 
or  none  law,,"  However,  if  the  "graded  photopic  response"  which 
has  been  found  by  Svaetchin  (1958)  and  others  holds  up  under 
further  research  this  could  provide  a  possible  physiological 
explanation  for  bipolar  receptors o 

The  interpretation  of  the  red  factor  is  particularly  im¬ 
portant  when  we  attempt  to  relate  the  factorial  findings  to 
the  theories  of  color  visiono  If  Pickford”s  interpretation  is 
correct  then  the  results  would  tend  to  support  a  four  color 
theory  such  as  Herring's,  but  if  Jones”  interpretation  is 
correct  then  the  results  would  tend  to  support  a  three  color 
theory  such  as  the  Younge -Helmholtz  theory o  However,  Ekman, 
who  obtained  violet,  blue,  green,  yellow  and  red  factors  be¬ 
lieves  that  his  results  support  Granit“s  theory  (1943) „  He 
shows  that  his  factors  when  plotted  against  the  spectrum  are 
similar  to  Granit's  electrophysiologically  determined  modulator 
curves o  Since  Granit  believes  that  his  modulator  mechanisms 
are  important  in  color  perception  this  may  indicate  that  there 
is  some  correspondence  between  the  statistically  determined 
factors  and  the  underlying  mechanisms  of  color  visiono 

Pickford  (1951)  reports  several  factor  analyses  of  color 
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vision  datao  He  used  Burt"s  methods  and  did  not  rotate,,  In 
one  study  he  had  subjects  rate  the  degree  of  binocular  color 
combination  when  different  colored  lights  were  presented  to 
different  eyeSo  In  another  study  he  intercorrelated  subjects” 
color  weaknesses  as  measured  by  an  anomaloscope „  He  also  car¬ 
ried  out  analyses  on  red -green  blind,  red  anomalous  and  green 
anomalous  subjects o  His  usual  result  is  one  general  factor 
and  two  bipolar  factors.,  According  to  Pickford  the  general 
factor  represents  brightness  discrimination o  The  two  bipolar 
factors,  a  red-green  and  a  yellow-blue,  represent  two  bipolar 
processes « 

In  normal  subjects  the  red-green  factor  contributes  more 
to  the  total  variance  than  does  the  yellow-blue  f actor o  However, 
in  all  classes  of  red-green  defectives  the  yellow-blue  contri¬ 
butes  more  to  the  total  variance o  This,  says  Pickford,  accords 
with  the  observation  that  in  normals  the  red-green  distinction 
is  much  sharper  than  the  yellow-blue  distinction o 

For  the  red-green  blind  subjects,  red  and  green  discrimi¬ 
nation  is  combined  in  the  second  bipolar  factor  in  opposition 
to  yellow  and  blue o  This  indicates  to  Pickford  that  the  red- 
green  process  is  not  entirely  lost  in  red-green  blindness, 
but  IS  modified  in  some  way  s  o  that  yellow  continues  to  be 
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discriminated j  but  red-green  discrimination  is  losto 

Pickford  believes  that  his  results  best  support  a  four 
color  theory  such  as  Houstoun"s  (1932)  with  one  unipolar  re¬ 
ceptor  for  brightness  and  two  bipolar  receptors,  one  for  red- 
green  and  one  for  yellow-blue „  He  also  relates  his  work  to 
that  of  Granit  (1943)  o  He  says  that  the  action  of  the  scotopic 
dominator  is  not  tested  by  his  experiments,  but  that  the  acti¬ 
vity  of  the  photopic  dominator  might  be  represented  by  the 
general  f actor o  The  red-green  and  yellow-blue  bipolar  factors 
might  represent  two  sets  of  modulators  which  Pickford  believes 
are  bipolar  in  nature „ 

Thus  factor  analysis  has  not  yet  contributed  very  much  to 
our  understanding  of  c^lor  vis ion „  There  is  some  evidence  for 
the  invariance  of  a  blue,  a  yellow,  and  a  red  f actor o  This 
would  seem  to  support  a  three  color  theory  until  we  remember 
that  by  the  laws  of  additive  color  mixture  they  should  be  blue, 
green  and  redo  The  only  way  to  resolve  these  three  factors 
with  color  vision  theory  is  to  say  that  there  must  also  be  a 
green  factor  which  has  not  yet  been  shown  to  be  invariant o 
This,  of  course,  would  give  support  to  a  four  color  theory o 


Whether  factor  analysis  can  make  a  significant  contribution 
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to  our  knowledge  of  color  perception  is  still  in  doubts  If  it 
is  to  make  a  significant  contribution,  a  program  of  research 
which  includes  at  least  the  following  steps  must  be  carried  outo 
Color  blind  and  color  weak  subjects  must  be  excluded  from  the 

j 

initial  analysis  since  they  may  be  representative  of  a  popula¬ 
tion  which  does  not  include  the  same  factors  as  normal  subjects » 
Only  after  the  factors  of  normal  color  vision  had  been  established 
would  it  be  pertinent  to  study  color  blind  and  color  weak  sub¬ 
jects  o  In  comparing  results  from  different  subjects  the  sen¬ 
sitivity  measurements  must  be  made  on  the  same  retinal  elements 
(ioCo  rods  or  cones)  o  This  could  be  accomplished  by  controlling 
the  brightness  of  the  stimulus  and  the  retinal  angle  of  presen¬ 
tation  o  And  lastly  the  factors  must  be  shown  to  be  invariant 
over  several  different  studies „ 
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After  considering  several  sets  of  data,  two  sets  of 
correlations  based  on  two  independent  determinations  of  the 
photopic  curve  were. chosen.  These  data  were  selected  because 
of  their  amenability  to  exploration  by  factor  analysis,  and 
because  of  the  possibility  that  the  resulting  factors  may 
be  related  to  psycHophysiological  knowledge  in  the  field  of 
'color  vision.  The  two  sets  of  data  were  collected  by  Coblentz 
and  Emerson  (1918)  and  Gibson  and  Tyndall  (1923) ,  and  the  cor¬ 
relations  were  computed  by  Jones  (1948  and  1950)  . 

Coblentz  and  Emerson  (1918)  used  the  method  of  flicker 
photometery  to  determine  the  sensitivities  for  ninety-two 
subjects.  In  this  method  a  source  constantly  emitting  the 
same  white  light  repeatedly  alternates  with  a  monochromatic 
light  of  wave  length  A  and  radiance  L.  The  sensitivity  at 
wave  length  A.  is  the  reciprocal  of  the  energy  L  required  to 
make  the  flicker  disappear, 

Gibson  and  Tyndall  (1923)  used  the  step  by  step  method, 
which  is  similar  to  the  method  of  limits,  to  determine  the 
sensitivities  for  thirty-eight  subjects. 

In  both  studies  sensitivity  measurements  were  made  at 
twenty  different  points  along  the  spectrum.  The  first  set 
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of  data  covers  wave  lengths  from  493  im  to  678  m|Li,  and  the 
second  set  covers  wave  lengths  from  430  mn  to  740  raji.  Thus 
the  first  is  deficient  in  measurements  at  both  ends  of  the 
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spectrum?  this  could  cause  some  problems  in  defining  the  blue 
and  red  factors  for  this  particular  set  of  data. 

These  two  methods  of  photometry  did  not  give  exactly 
the  same  results  (Gibson  and  Tyndall  1923)  .  The  main  dif¬ 
ferences  areg  (1)  there  is  a  difference  in  the  wave  length 
of  maximum  visibility^  557  mja  in  the  first  study  and  553  m^a 
in  the  second?  (2)  on  the  red  side  of  the  maximum  the  measure¬ 
ments  for  the  first  study  are  higher  out  to  about  640  mn,  but 
beyond  650  iryu  they  do  not  differ  greatly?  (3)  on  the  blue 
side  of  the  maximum  the  dUrves  are  almost  coincident  out  to 
490  m}jL^  where  they  diverge.  These  small  differences  should 
not  cause  any  major  differences  in  the  factorial  results  of 
the  two  analyses.  If  any  differences  do  occur  they  should 
occur  in  the  ydllow-green  part  of  the  spectrum. 

The  intercorrelations  were  factored  on  the  I.B.M,  1620 
at  the  University  of  Alberta  Computing  Centre.  An  attempt 
was  made  to  use  image  analysis  (Guttman  1953)  in  order  to 
get  the  best  possible  estimate  of  the  communalities ^  but  this 
procedure  lead  to  imaginary  factors  so  the  data  were  re- 
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factored  using  I's  in  the  diagonals.  Using  I’s  for  coramuna- 
lities  WHS  justified  by  Wtigley’s  conclusions reported  in 
Harman  (1960)  ^  that  when  the  analysis  includes  twenty  or 
more  variables  there  is  very  little  change  in  results  when 
I's  are  substituted  for  communal it ie s ,  Kaiser  (1960)  also 
believes  that  using  I's  in  the  diagonals  is  quite  acceptable 
from  a  practical  point  of  view,  Kaiser's  criteria  of  accep¬ 
ting  all  factors  with  associated  latent  root  greater  or 
equal  to  one  was  used  to  determine  the  number  of  factors 
to  be  rotated.  The  factors  were  first  analytically  rotated 
to  orthogonal  simple  structure  by  the  varimax  method  and 
then  to  oblique  simple  structure  by  graphic  methods. 

Unfortunately^  the  points  on  the  spectrum  where  the 
measurements  were  made  were  not  quite  the  same  in  the  two 
studies.  Therefore  twelve  variables  that  were  close  to¬ 
gether  in  terms  of  millimicrons  were  chosen  and  considered 
as  the  common  variables.  The  mean  of  differences  was  3,2 
approximately  the  same  as  the  average  jon,d.  for  vision.  The 
differences  ranged  from  one  mp  to  six  n\u  and  spanned  the 
spectrum  from  493  n\a  to  678  np,  i.e.,  from  blue-green  to 
orange -red , 


The  loadings  on  the  "common  variables'  were  adjusted 
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to  the  same  units  of  measurement  by  the  method  recommended 
by  Tuciher  (1951)  o  Only  two  techniques^  Kaiser  (I960}  and 
Wi  ig’ley'-Neuh.aus  (1955)  ^  were  considered  applicable  to  the 
case  of  two  oblique  studies,.  The  Wrigley-Neuhaus  trans¬ 
formations  were  computed  on  the  oblique  reference  factors 
and  Kaiser's  transformation  on  the  varimax  factors. 
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Results 

The  four  oblique  simple  structure  factors^  the  trans¬ 
formation  matrix  from  the  varimax  solution ,  and  the  inter¬ 
correlations  between  the  reference  factors  for  study  one 
are  shown  in  table  !<,  The  same  information  for  the  five 
factors  of  study  two  is  shown  in  table  2o  Table  3  gives 
the  matrices  of  factor  similarity  for  both  the  Kaiser  and 
Wrigley  methods o  Table  4  gives  the  transformations  that 
maximize  the  relationships  between  the  two  sets  of  factors o 

Three  of  the  factors  from  study  one  were  judged  signi¬ 
ficant  and  named  red^  green ^  and  blueo  They  are  plotted 
against  the  spectrum  in  figure  four^  The  four  factors  judged 
significant  in  study  two  are  plotted  against  the  spectrum 
in  figure  fivSo  They  were  named  red^  blue^  green,  and  yellowo 
In  order  to  facilitate  comparison  the  red,  green,  and  blue 
factors  from  the  two  studies  are  plotted  against  the  spectrum 
in  figures  six,  seven,  and  eighto  And  to  aid  interpretation^ 
the  squares  of  the  loadings  of  the  factors  common  to  the 
two  studies  are  plotted  in  figures  nine  and  ten. 
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•Table  2 
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Table  4 

Transformations  to  maximize  relationships 
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Blue,  green  and  red  factors  from  study  one 
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Blue,  green ,  yellow  and  red  factors  from  study  two. 
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44 


Discussion 


Invariance  of  Factors 

Both  methods  seem  to  indicate  that  there  is  a  high 
degree  of  similarity  between  the  red,  green,  and  blue  factors 
of  the  two  studies „  Both  methods  also  indicate  that  there 
may  be  a  relationship  between  the  nonsignificant  factor  of 
study  one  and  the  yellow  factor  of  study  two„  This  means 
that  the  fourth  factor  of  study  one  may  actually  be  a  yellow 
f actor o 

However,  a  careful  study  of  table  three  shows  that  the 
relationship  between  the  factors  of  the  two  studies  is  not 
simple*  Kaiser “s  method  indicates  that  there  is  a  slightly 
higher  relationship  between  the  nonsignificant  factor  of  study 
two  and  the  green  factor  of  study  one  than  between  the  green 
factors  of  the  two  studies*  His  method  also  suggests  that 
the  green  factor  of  study  two  is  about  equally  related  to 
both  the  blue  and  green  factors  of  study  one*  Wrigley’s 
method  supports  neither  of  these  indications.  The  results 
of  both  methods  taken  together  seem  to  suggest  that  there  is 
a  fairly  high  degree  of  similarity  between  the  red,  green, 
and  blue  factors  of  the  two  studies,  and  give*  some  support 
to  a  common  yellow  factor. 


Experience  with  these  two  methods  has  given  some  insight 
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into  their  propertie6o  Wrigley's  methcd  is  net  comt  let^^ly 
objective o  His  transformations  maKimize  the  relationship 

I 

between  corresponding  factors  in  iJse  two  studies.  If  a 
factor  matrix  had  two  similar  factors,  eog<.  co-operative 
factors  (Cattell  1962}  ,  it  might  be  difficult  to  know  which 
of  them  should  be  paired  with  a  factor  that  is  similar  to 
both  of  them  in  the  other  study.  This  problem  does  not 
arise  with  Kaiser “s  method  since  ha  matches  tests  instead 

of  factors.  The  difference  in  the  results  produced  by  these 

0 

two  methods  can  be  seen  by  an  examination  of  the  two  factor 
similarity  miatrices,  Wrigley^s  method  shows  a  high  relation¬ 
ship  between  the  paired  factors  (high  diagonal  entries)  and 
a  low  relationship  between  the  non-paired  factors  (low  off 
diagonal  entries),  Kaiser's  method,  however,  shows  several 
fairly  high  relationships  between  non  paired  factors,  e,g, 
between  the  green  factor  of  study  two,  and  both  the  blue  and 
green  factors  of  study  or^e. 

Neither  Kaiser's  nor  Wrigley's  method  can  be  judged 
superior,  since  under  certain  circumstances  one  may  rc.cre 
appropriate  while  under  other  circumstances  the  other  may 
be  mere  appropriate.  For  example,  if  the  relationship  between 
two  sets  of  factors  that  are  already  fairly  well  understood 
is  to  be  maximized,  then  Wrigley's  method  would  l:>e  most  usefr*l. 
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But  if  t  llG  ITGlstl  Cnshlps  iDGtWGSn  tWO  S©ts  of  f  GCtOirs 

that  are  not  yet  fully  understood  are  required  then  Kaiser's 
method  is  most  appropriate « 

Since  Kaiser's  transformation  is  calculated  on  the  ori¬ 
ginal,  arbitrary  orthogonal  factor  matrices  it  is  also  ar¬ 
bitrary  to  a  certain  extent.  He  calculates  it  from  the 
relation 


F2  K  =  u.A^^u' 

where  the  right  hand  side  gives  the  inner  product  of  the 
maximally  similar  arbitrary  factor  matrices.  K  is  therefore 
a  transformation  that  tends  to  eliminate  the  differences  be¬ 
tween  the  original  factorings.  Suppose  that  two  studies  were 
factored  by  the  same  method,  e.g.  the  principal  axis  method, 
and  K  computed.  Further  suppose  that  one  of  the  studies  was 
refactored  using  a  different  method,  e.g.  the  square  root 
method,  and  K  computed.  The  two  K’s  would  not  be  quite  the 
same  and  neither  would  the  two  1^2'^  ^^12  ”  '^l'  ^  ^2'  " 
factor  similarity  matrices.  But  the  two  K's  would  be  the  same 
if  orthogonal  rotations  were  being  compared  and  the  transfor¬ 
mation  K  was  computed  on  these  rotated  orthogonal  factor 


matrices , 


I 
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Ar'.cther  problem  with  Kaiser's  method  is  that  it  tends  to 
put  extra  facitors  into  F2  when  the  number  of  factors  in  the 
two  studies  is  not  the  samso  In  this  case  r2  is  less  than 
and  will  be  n  by  F^  will  be  n  by  and  K  will  be 
by  r^o  Now  if  we  compute  the  matrix  of  transformed 
factors we  get 

n  ^  T'  r  ^  r  1 

and  K  puts  (r^^^  r2)  extra  factors  into  F2,  These  extra 
factors  will  usually  be  small ^  but  it  is  possible  to  think 
of  cases  wtiere  the;^’’  may  be  apiiprecial:3le «  For  example,  if  the 
{rp  “  r2]  extra  factors  in  F^  m^ake  a  fairly  large  contribution 
to  the  total  variarice  of  then  the  tran,s  format  ion  K  would 
make  the  extra  factors  of  F^  contribute  appreciably  to  the 
variance  of  F^o 

Kaiser  (1960)  draws  a  distinction  between  matching  factors 
and  relating  factors «  In  factor  matching  the  two  sets  are 
rotated  as  close  together  as  possible  and  then  an  attempt  is 
made  to  pick  pairs  of  factors  which  are  a  good  match <,  In  re- 
lating  factors  the  problem  is  to  find  the  relationship  between 
two  sets  of  factors  regardless  of  the  strengths  of  the  rela¬ 
tionships  o  This  distinction  needs  to  be  clarified  ard  related 
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to  the  problem  of  factorial  ir^-^rariasice <> 

Suppose  there  are  two  n  by  r  factor  matrices,  and 
A^c  It  is  always  possible  to  fisid  a  trsc:s formation:  T  that 
will  carry  A^  into  A^o  Setting 


provides  an  expression  for  tdiis  t  rans  for  matron  <,  A  different 
procedure  would  be  to  rotate  both  studias  to  a  principal 
axis  solution o  In  either  case  it  is  possible  to  get  two 
sets  of  factors  which  are  a  very  good  match o  If  these  two 
sets  are  then  rotated  to  simple  structure  they  will  be  very 
similar  an.d  one  might  be  tempted  to  conclude  that  simple 
structure  gives  invariant  results o  But  such  a  conclusion 
would  not  be  warranted a  With  this  type  of  procedure  it  is 
almost  impossible  not  to  get  positive  results o 

If  the  transformation  to  maximize  similarity  were  com¬ 
puted  after  independen.t  rotations  then  it  would  still  be 
possible  to  get  two  sets  of  simple  structure  factors  that 
are  very  similar o  But  in.  this  case  the  transformation  matrix 
can  be  used  to  give  some  indication  of  whether  the  factors 
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are  invariar.to  If  the  transformation  resembles  an  identity 
matrix  then  this  is  strong  evidence  for  invariance »  Ahmavaara 
{1954)  uses  it  as  a  measure  of  relationship  between  two  sets 
of  factors,  but  this  transformation  actually  gives  a  mea¬ 
sure  of  how  much  one  factor  matrix  must  be  changed  in  order 
to  make  the  factors  look  invariants  As  such  it  is  not  a 
very  meaningful  measure  of  factor  similarity » 

In  relating  factors  one  wishes  to  compare  factors  from 
two  studies  as  they  stands  Sometimes  it  may  be  advisable  to 
make  slight  transformations  in  one  or  both  sets  in  order  to 
marximize  certain  relationships  s  Since  neither  set  of  fac¬ 
tors  has  been  substantially  changed  a  strong  relationship 
between  the  two  sets  can  be  taken  as  evidence  for  invariances 
Only  when  two  independently  rotated  sets  of  factors  appear 
similar  is  there  evidence  for  invariances  But  the  similarity 
of  two  sets  of  factors  is  not  sufficient  to  establish  inva¬ 
riance*  An  attempt  will  now  be  made  to  establish  a  condi¬ 
tion  for  the  invariance  of  a  set  of  factors » 

Suppose  that  there  is  some  unique  simple  structure 
factor  loading  matrix  for  a  domains  Let  it  be  defined  as 

N 

Tj  =  lim  1  S  V| 

N  i-1 
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where 


Vj^  =  an  oblique  simple  structure  factor  loading  matrix 
N  =  the  number  of  independently  rotated  simple  structure 
matrices 

Any  particular  Vi  should  be  an  approximation  to  Iji, 

There  should  be  a  transformation  Ei  which  will  carry  each 
Vi  into  U  .  We  have 


ViE 


i 


where  Ei  represents  all  sources  of  variation  that  prevent 
any  Vi  from  equaling  U.  Note  that  Ei  is  not  necessarily 
square  and  may  add  or  subtract  a  factor  from  Vi.  Ei  is  a 
function  of  U  and  can  never  be  known  since  Uis  an  un¬ 
known.  It  seems  to  follow  that  some  kind  of  average,  U  , 
of  a  number  of  Vi's  should  give  a  good  approximation  to 
and  that  U  should  approach  as  the  number  of  studies 
approaches  infinity.  More  specifically: 


and 


1  ^ 

U  c.  i  y  V-  T- 
M  1  1 

M 

lim  ^  Z 

M  i^l 


Vi  Ti 


where  is  a  transformation  that  carries  each  V^,  an  in- 
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dependently  rotated  simple  structure  matrix,  into  U,  the 
best  average  of  a  number  of  Vj^’s,  and  M,  is  the  number  of 
studies  averaged  to  get  Uo  This  suggests  that  on  the  average 
the  T ‘  s  should  be  an  identity  matrix,  ioSo  on  the  average 
there  is  no  transformation,  and  provide  a  condition  for 
the  existence  of  a  unique  'Xf  ^  This  condition  may  be  for¬ 
mally  stated  as 

N 

lim  i  Z  T^  — ^  I 

N  i=l 

This  may  be  used  as  a  criterion  for  the  existence  of  an 
invariant  set  of  f actors o  If  several  sets  of  factors  are 
transformed  to  maximum  similarity  then  the  average  of  these 
transformations  should  approximate  an  identity  matrix.  From 
table  four  it  can  be  seen  that  the  transformations  to  maxi¬ 
mize  simil.a.rity  resemble  an  identity  matrix.  If  a  large 
number  of  studies  had  been  performed  and  the  resulting  factor 
matrices  transformed  to  maximize  similarity  among  them,  then 
the  average  of  these  transformations  would  probably  have 


been  an  identity  matrix. 
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Interpretation  of  Invariant  Factors 


During  the  past  half  century  there  has  been  considerable 
controversy  over  the  nature  of  factors.  Some  writers  believe 
that  they  are  descriptive  statistical  concepts  while  other 
writers  are  willing  to  credit  them  with  a  considerable  degree 
of  reality^  For  a  review  of  the  relevant  literature  see 
Coan  (1964)  o  None  of  these  writers  have^  however ^  focused  on 
the  nature  of  invariant  factors.  Starting  with  Hartley’s  (1954) 
distinction  between  descriptive  factors  and  inferential  factors 
an  attempt  will  be  made  to  determine  the  nature  of  invariant 
factors  o 

Descriptive  factor  analysis ^  according  to  Hartley  (1954)^ 
aims  at  converting  the  information  in  a  correlation  matrix 
into  a  more  usable  form  in  much  the  same  way  as  a  standard 
deviation  converts  the  information  in  a  frequency  distribution 
into  a  more  comprehensible  form.  All  the  data  that  the  factor 
analyst  wishes  to  deal  with  are  included  in  the  correlation 
matrix^  and  he  does  not  wish  to  make  any  generalization  about 
the  kind  of  data  not  included  in  the  correlation  matrix.  In 
other  words j  descriptive  factor  analysis  is  a  technique ^  ana¬ 
logous  to  the  drawings  of  the  draftsman^  for  parsimoniously  re¬ 
presenting  a  mass  of  data.  And  as  such  any  particular  solution 
cannot  be  judged  as  right  or  wrong.  Different  solutions  are 
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merely  different  ways  of  representing  the  same  set  of  data?  one 
solution  may  be  more  useful  in  one  situation  while  a  different 

solution  may  be  more  useful  in  another  situation » 

* 

t  f 

But  inferential  factor  analysis^  continues  Hartley ^  is 
that  form  of  factor  analysis  in  which  the  factor  matrix  has 
empirical  meaning  in  addition  to  the  kind  of  information  expres¬ 
sed  in  the  correlation  matrix „  A  factor  is  a  dimension  along 
which  individual  differences  lie  and  therefore  must  corres¬ 
pond  to  something  realo  We  are  thus  justified ^  concludes 
Hartley^  in  calling  one  solution  rights  and  another  wrong « 
Thurstone“s  concept  of  simple  structure  could  be  considered 
as  an  attempt  to  provide  a  criterion  for  an  inferential  factor 
analysis o 

The  delineation  of  these  two  types  of  factors  now  makes 
possible  a  closer  understanding  of  the  problem  of  invariance o 

Since  descriptive  factors,;  are  defined  only  in  terms  of  their 

■‘*1 

antecedents,  the  observed  correlations,  invariance  can  be  ob- 
tamed  by  picking  a  standard  set  of  factors  and  marker  variables 
and  then  rotating  all  other  studies  in  a  domain  in  terms  of 
the  standard  seto  Young  and  Householder  (1940)  have  described 
a  procedure  that  could  be  used  to  accomplish  this  endo  No  such 
simple  solution  presents  itself  in  the  case  of  inferential 
factors  since  every  study  must  be  independently  rotated  to 
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what  is  regarded  as  the  correct  solution^  ioOo  simple  structure o 


••  Ar.otherp  and  perhaps  more  fruitful  distinction  could  be 
made  between  factors  as  intervening  variables  and  hypothetical 
constructs  o  MaeCorquod.ale  and  Meehl  (1948)  have  attempted 
to  differentiate  between  these  two  type  of  consttucts  as  follows; 

"Concepts  of  the  first  sort  (intervening  variables)  seem 
to  be  identifiable  by  three  characteristics »  First, 
the  statement  of  such  concepts  does  not  contain  any  words 
which  are  not  reducible  to  the  empirical  lawso  Second, 
the  validity  of  the  empirical  laws  is  both  necessary  and 
sufficient  for  the  "correctness"  of  the  statement  about 
the  concepts  Third,  the  quantitative  expression  of  the 
concept  can  be  obtained  without  mediate  interference  by 
suitable  groupings  of  terms  in  the  quantitative  empirical 
lawSo" 

In  terms  of  factor  analysis  these  three  characteristics  seem 
to  mean  respectively;  (1)  that  factors  have  no  meaning  other 
than  the  kind  that  is  expressed  in  the  correlation  matrix, 

(2)  that  the  meaning  of  the  correlation  matrix  is  both  necessary 

r 

and  sufficient  to  determine  the  meaning  of  the  factors,  and  (3) 
that  the  factors  are  nothing  more  than  the  rearrangement  of  the 
data  in  the  correlation  matrixo  Factors  considered  as  inter¬ 
vening  variables  can  have  invariance  in  the  same  trivial  sense 
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as  Hartley's  descriptive  factors „  That  is ^ invariance  can  be 
achieved  by  defining  a  standard  set  of  factors  and  marker  va¬ 
riables  and  rotating  all  subsequent  sets  in  terms  of  the  stan¬ 
dard  »  This  fact  should  not  be  taken  to  mean  that  descriptive 
factors  or  factors  as  intervening  variables  have  no  use^  for 
example  they  can  function  adequately  as  predictors  in  many 
types  of  multivariate  prediction  problems o 

MacCorquodale  and  Meehl  (1948)  attribute  the  following 
three  characteristics  to  hypothetical  constructs s 

"Their  formulation  involves  words  not  wholly  reducible 
to  words  in  the  empirical  laws?  the  validity  of  the  em¬ 
pirical  laws  is  not  a  sufficient  condition  for  the  truth 
c  of  the  concept j  insomuch  as  it  contains  surplus  meaning? 
and  the  quantitative  form  of  the  concept  is  not  obtainable 
simply  by  grouping  empirical  terms  and  functions" » 

These  three  characteristics  of  hypothetical  constructs 
can  be  respectively  related  to  factors  in  the  following  wayo 
Factors^  as  hypothetical  constructs ^  have  meaning  other  than 
the  kind  of  meaning  expressed  by  the  correlation  matrix*  That 
is^  if  a  factor  possesses  information  other  than  the  descriptive 
statistical  information  possessed  by  the  correlation  matrix  then 
it  meets  the  first  criterion  necessary  for  a  hypothetical  con¬ 
struct  „  Secondly^  the  validity  of  the  correlation  matrix  is 
not  sufficient  to  establish  the  validity  of  the  factors. 
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If  a  factor  is  to  have  the  status  of  a  hypothetical  construct 
then  other ^  non-factorial^  information  must  support  the  exis¬ 
tence  of  the  f actor «  And  the  third  criterion  might  be  inter- 

I  < 

preted  as  meaning  that  a  rearrangement  of  the  data  in  the 
correlation  matrix^  as  in  factor  analysis  without  rotation^ 
is  not  sufficient  evidence  for  the  existence  of  a  factor  if 
it  is  to  be  considered  as  a  hypothetical  construct o 

I 

In  the  introduction  an  invariant  factor  is  defined  as  a 
factor  that  is  independent  of  both  the  particular  sample  of 
individuals  and  tests  used  in  the  analysis  and  six  sources 
of  evidence  for  invariance  are  listed o  Of  these  six  the  two 
most  important  are  the  stability  of  the  loadings  profile  and 
the  behavior  of  the  factor  as  an  independent  psychological 
variable o  If  the  loading  profile  is  stable  this  means  that 
some  acceptable  criterion  for  rotation  must  have  been  usedo 
And  if  the  factor  functions  as  a  stable  independent  variable 
then  it  must  have  greater  meaning  than  the  descriptive  sta¬ 
tistical  information  expressed  in  the  correlation  matrix o 
The  author  concludes  that  if  a  simple  structure  factor  is 
invariant  it  has  the  status  of  a  hypothetical  construct o 

Now  that  an  argument' which  at  least  sounds  plausible  has 
been  made  for  considering  invariant  factors  hypothetical  con¬ 
structs^  an  attempt  will  be  made  to  relate  the  obtained  factors 
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to  some  non-factorial  knowledge  in  the  field  of  color  vision. 

In  figures  nine  and  ten  the  squares  of  the  loadings  of  the 
factors  common  to  the  two  studies  are  plotted  against  the 
spectrum.  These  curves  show  the  approximate  amount  of  variance 
in  absolute  threshold  measurements  that  is  accounted  for  by 
each  factor.  As  such  it  seems  reasonable  to  suppose  that 
they  represent  the  action  of  receptor  mechanisms. 

Both  these  sets  of  curves  resemble  the  fundamental  sen¬ 
sation  curves  which  have  been  proposed  to  account  for  color 
perception  on  the  basis  of  three  receptors.  The  fact  that 
they  are  not  exactly  the  same  as  any  of  the  several  sets  that 
have  been  proposed  should  not  trouble  us  too  much  because 
these  curves^  themselves ^  represent  extensive  transformations 
'  of  the  original  data  in  order  to  account  for  certain  facts  of 
color  vision.  What  is  significant  is  that  these  two  sets  of 
curves  resemble  the  fundamental  sensation  curves  even  though 

they  were  derived  without  any  reference  to  dolor  vision  data, 

\ 

Additional  evidence  supporting  the  supposition  that  the  fac¬ 
tors  represent  the  action  of  receptors  can  be  obtained  if 
the  factors  are  compared  with  Granite’s  modulator  curves 
which  were  determined  by  electrophysiological  techniques. 

The  highest  loadings  for  the  three  factors  common  to  both 

I  • 

studies,  fall  at  the  same  points  in  the  spectrum  as  Granit’s 
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FIGURE  10 

SquQr6d  factor  loodings  of  blue^gresn 
and  red  factors  of  study  two. 
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redj  blu6j  and  green  modulator  curves ,  This  evidence  seems 
to  suggest  that  the  three  common  factors  represent  the  action 
of  blue^  green ^  and  red  receptors  and  supports  the  contention 
made  earlier  in  the  discussion  that  invariant  factors  may  be 
considered  as  hypothetical  constructs. 

^  There  are  two  other  facts  that  must  be  briefly  consi¬ 
dered  „  The  first  is  that  there  is  some  evidence  for  a  yellow 
factor  and  the  second  is  that  the  factors  are  correlated „ 

Further  studies  would  be  necessary  in  order  to  determine  if 

! 

there  is  an  invariant  yellow  factor.  It  is  possible  that  the 
second  study  which  included  the  significant  yellow  factor  is 
more  representative  of  the  universe  of  psychological  content 
because  it  includes  a  more  comprehensive  sample  of  variables 
and  that  further  studies  vo  uld  verify  the  existence  of  a 
yellow  f actor o  The  correlation  between  the  factors  could  be 
interpreted  as  meaning  that  the  different  receptors  do  not 
act  independently  of  each  other.  This  would  fit  in  with  recent 
evidence  suggesting  that  the  receptors  do  not  act  indepently 
of  each  other  and  that  some  kind  of  inhibitory  mechanism  may 
be  involved  in  color  perception  (Milner  1963)  , 
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Conclusions 


A  comparison  of  Kaiser’s  (1960b)  and  Wrigley-Neuhaus ’ ( 1955) 
methods  of  relating  factors  shows  that  in  general  Kaiser’s  me¬ 
thod  is  superior  because  it  is  more  objective o  If,  however, 
the  relationship  between  two  fairly  well  understood  sets  of 
factors  is  to  be  maximized  then  Wrigley-Neuhaus '  method  may 
be  more  appropriate o 

An  invariant  factor  matrix  is  defined  as 

N 


lim  ^  2 

N  i=l 


where  the  refer  to  independently  rotated  factor  matrices „ 
From  this  it  seems  to  follow 

I . 

% 

I 

N 


lim  2  —*1 

N  i=l 


where  is  a  transformation  that  carries  each  into  the  best 


average  of  them  all  must  hold 


is  to  be  unique 


The  conclusion  is  drawn  that  an  invariant  factor  has  the 


status  of  a  hypothetical’  construct »  The  fact  that  the  three 
apparently  invariant  factors  can  be  interpreted  in  terms  of  re¬ 
ceptor  mechanisms  is  used  to  support  this  conclusion 
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The  fact  that  red^  green,  and  blue  factors  were  cormrion  to 


the  two  studies  lends  support  to  a  three  receptor  theory  such 
as  the  Younge  -  Helmholtz  theory o  Electrophysiological  tech¬ 
niques  for  investigating  color  vision  are  now  advancing  very 
rapidly  (Milner  1963)  and  further  factor  analytic  techniques 
would  not  now  add  greatly  to  our  knowledge  in  this  field „ 
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Suggestions  for  Further  Research 

(1)  Kaiser's  method  should  be  generalized  so  that  the  trans¬ 
formation  K  can  be  computed  on  the  basis  of  two  oblique  factor 
matrices „  If  this  were  done  then  the  case  of  same  variables- 
different  subjects  would  be  essentially  solved,, 

(2)  The  definition  of  an  invariant  factor  matrix  suggested 

I 

in  this  paper  should  be  investigated  further o  The  author  is 
now  planning  such  an  investigation. 
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19. 

-.939027 

-.125873 

.066391 

-.034161 

-.190500 

.167466 

.967526 

20. 

-.908996 

-.169054 

.053552 

-.062346 

-.235648 

.195341 

.955296 

EICEN  VAI,IIES 


12.062323  2.9979233  1,2660616  .9129^^96  .737002ij-9  .62096057 
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APPENDIX  B 

UNROTATED  PRINCIIAL  FACTORS 
MATRIX  II 


I 

II 

III 

IV 

V 

VI 

li 

1. 

-.7918.32 

-.320421 

-.007852 

.178199 

.319358 

.336473 

.976687 

2. 

-.847699 

-.383793 

.096449 

.129626 

. 266137 

.163525 

.989565 

3. 

-.859298 

-.426101 

..118656 

.116153 

.l853i)-5 

.002491 

.981884 

4. 

-.866856 

-.428277 

.169291 

.055510 

.062129 

-.093607 

.979223 

5* 

-.878454 

-.412334 

1 

. 153895 

-.043758 

-.027403 

-.114853 

.981241 

6. 

-.901756 

-.342380 

. 171977 

-.060952 

-.026610 

-.148870 

.986549 

7. 

-.898238 

-.31559*^ 

.178801 

-.094784 

-.079058 

“.153513 

.977201 

8. 

-.917848 

-.279448 

.167980 

-.102412 

-.125954 

-.072540 

.980368 

9. 

-.938641 

-.142740 

“.069333 

-.071508 

-.213818 

.024493 

.957660 

.0. 

-.882530 

-.057026 

-.291662 

-.136327 

-.296611 

.109465 

.985723 

i. 

-.782880 

.005192 

-.487517 

-.067457 

-.3*)'595l 

. 120270 

.989298 

L.  • 

-.728789 

.086427 

-.645849 

. 095903 

-.1377to 

.042128 

.965574 

■3. 

-..393>t'^3 

.120727 

-.620928 

.550525 

. 248756 

-.272151 

.993947 

.4. 

. 595389 

-.380849 

.131958 

.622724 

-.203722 

.075543 

.951941 

5. 

.701691 

-.472560 

.191485 

.290343 

-.35^^369 

.092075 

.970703 

-6. 

.672573 

-.646621 

-.026576 

.070550 

-.201223 

-.113065 

.929431 

7. 

.726211 

-.597109 

-.170049 

-.025451 

-.039104 

-.063243 

.919014 

-3. 

.699880 

-.636108 

-.223678 

-.168777 

.034946 

.022801 

.974724 

9. 

.658U31 

-.627405 

-.260960 

-.240595 

.152869 

.074393 

.982057 

.593926 

-.525290 

-.392314 

-.260428 

.218263 

-.048385 

.900383 

eigen  values 


12.131^1-97  3*3^29634  1.6516835  1.0626112  .85013530.35517267 
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■ 

APPENDIX  C 

VARIMAX  FACTORS 

MATRIX  I 

T  RANSFORMATION  MATRIX 

.91933 

-.24870 

.30326  ^ 

.03201 

.25807 

.95589 

-.01316 

.13965 

-.27066 

-.00396 

.75408 

.59840 

.12241 

-.15623 

-.58243 

.78828 

0 

0 

I 

MATRIX 

A 

B 

C 

D 

1. 

.02066 

-.9'5Bi6 

-.02895 

-,02560  ” 

2. 

.10108 

.96610 

-.00151 

-.00474 

3. 

.21059 

.93882 

.07826 

.05409 

k. 

.40578 

.64782 

.36317 

.16517 

5. 

.44715 

.39635 

. 62464 

.14796 

6. 

.3539i^ 

.11719 

.78931 

-.01857 

7. 

.19527 

-.03984 

.68491 

-.28604 

8. 

.08829 

.05069 

-.14587 

.94070 

9. 

.76672 

-.14126 

-.09358 

.21631 

• 

O 

1 — 1 

.82331 

-.12041 

-.30310 

.124^9 

11. 

.90680 

-.15701 

-.16599 

.01586 

12. 

.91159 

-.133‘t5 

-.22296 

.02739 

13. 

.95195 

-.09879 

-.16081 

.01182 

• 

1 — 1 

.95655 

-.09741 

-.18019 

.02179 

15. 

.95335 

-.11244 

-.20922 

-.02030 

16. 

•93976 

-.10000 

-.23012 

-.02821 

17. 

.93273 

-.17447 

-.21213 

-.02068 

18. 

.92730 

-.08478 

-.18730 

-.02379 

19. 

.91791 

-.11828 

-.21315 

.03484 

20. 

.90142 

-.07399 

-.19674 

.06981 
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VARIMAX  FACTORS 
MATRIX  II 

TRANSFORMATION  MATRIX 


.T^^OO 

.56448 

-.28747 

-.00503 

-.01941 

.14765 

-.4l)-026 

.7'^3^+5 

.393'H 

.28178 

-.13482 

.03327 

.17360 

-.05851 

.56979 

-.59162 

-.36509 

.39808 

.29557 

-.30979 

.22483 

.72056 

-.47780 

.13644 

.35176 

-.03768 

.62175 

.10998 

.60643 

-.32926 

-.10679 

-.06960 

-.02816 

.19814 

.50210 

.83162 

CONVERGENT  DENORMALIZED  MATRIX 

1. 

-131% 

-.12566 

. 21126 

-.11462 

”'".1^“ 

.5S256 

2. 

.85407 

-.20366 

-.01582 

.13290 

.42474 

.14258 

3. 

.92629 

-.11603 

.19203 

-.09982 

.08808 

.23623 

It. 

.95923 

-.13399 

.12175 

-.08793 

.10893 

.08196 

5. 

.95502 

-.12828 

.05050 

-.13142 

.18139 

.00023 

6. 

.94162 

-.19158 

.05200 

-.17332 

.17119 

-.03395 

7. 

.92480 

-.21001 

.01175 

-.17899 

.20072 

-.07328 

8. 

.90225 

-.24813 

-.03042 

-.17046 

.27165 

-.03111  ' 

9. 

.75372 

-.28934 

.6397 

-.19483 

.51350 

.1097 

10. 

.583^+6 

-.23662 

.8353 

-.25034 

.72054 

.02152 

11. 

.41446 

-.18837 

.19990 

-.20952 

.83551 

-00993 

12. 

.29762 

-.17788 

.48895 

-.24709 

.74809 

.07478 

13. 

.09144 

-.13122 

.95i^•02 

-.05259 

.22800 

.05875 

lit. 

.19441 

.28790 

.06313 

.87999 

-.22590 

.04312 

15. 

-.20982 

.45226 

-.25282 

.7879i^■ 

-.17040 

-.09126 

16. 

-.11695 

.74405 

-.12617 

.52469 

-.16738 

-.20715 

17. 

-.23174 

.83454 

-.06827 

.35311 

-.16553 

-.10847 

18. 

-.21676 

.92055 

-.12744 

.21844 

-.12621 

-.02109 

19. 

-.20691 

.91674 

-.05930 

.16611 

-.14575 

.09146 

20. 

-.23757 

.91077 

.03457  

-.04846 

-.10444 

.00193 

»mr- 
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APPENDIX  D 

STANDARD  DEVIATIONS  AND  ADJUSTMENTS 
TO  COMMON  UNIT  OF  MEASUREMENT 


^2 

'll 

^2 

1. 

55.191 

41.221 

1.145 

.855 

2. 

60.1-I-90 

53.960 

1.057 

.943 

3. 

53.5^^0 

67.402 

.885 

1.115 

li. 

1^0.534 

39.357 

1.015 

.985 

5. 

31.‘^07 

51.284 

.760 

1.240 

6* 

23.865 

31.983 

.855 

1.145 

7. 

32.819 

14.957 

1.374 

.626 

8. 

56.300 

21.693 

1.444 

.556 

9. 

33.270 

47.687 

.822 

1.178 

10. 

60.556 

94.657 

0 

CO 

• 

1.220 

11. 

45.519 

69.915 

.789 

1.211 

12. 

9.691 

19.235 

.670 

1.330 
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APPEIOIX  E 

VARIMAX  FACTORS  FOR  COMMON  VARIABLES 
ADJUSTED  FOR  COMMON  UNIT  OF  MEASUREMENT 


A 

B 

c 

D 

A 

B 

C 

D 

E 

,02k 

1.097 

-.033 

-.030 

.791 

-.179 

.010 

-.153 

.172 

,107 

1.021 

-.001 

-.005 

.771 

-.212 

-.025 

-.145 

.233 

.186 

.831 

.069 

.048 

.841 

-.322 

.071 

-.217 

.573 

.412 

.658 

.368 

.167 

.574 

-.233 

-082 

-.246 

.710 

340 

.301 

.475 

.112 

.513 

-.233 

.248 

-.260 

1.035 

303 

.100 

• 

cr\ 

-.015 

.341 

-.204 

.560 

-.283 

.856 

268 

“.055 

.941 

-.393 

.057 

-.082 

.597 

-.032 

.143 

127 

.074 

-.211 

1.359 

-.108 

.160 

.035 

.489 

-.126 

630 

-.116 

-.077 

.177 

-.247 

.532 

-.298 

.928 

-.200 

711 

-.104 

-.174 

-021 

-.143 

.908 

-.154 

.641 

-.204 

742 

-.079 

-.181 

-.022 

-.281 

1.011 

-.082 

.427 

-.201 

615 

".079 

-.143 

.023 

-.289 

1.224 

-.169 

.290 

-.168 
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APPENDIX  F 

OBLIQUE  FACTORS  FOR  COMMON  VARIABLES 
ADJUSTED  FOR  COMMON  UNIT  OF  MEASUREMENT 


•A 

B 

C 

D 

A 

B 

C 

D 

E 

-.070 

1.092 

-.090 

-.026 

.57'^ 

-.013 

-.089 

-.016 

.039 

-.004 

1.024 

-.034 

-.005 

.582 

-.052 

-.132 

.003 

.114 

-.050 

.842 

.067 

.045 

.448 

-.094 

-.063 

.009 

•369 

.134 

.691 

.429 

.159 

.185 

-.029 

-.053 

-.025 

.515 

.069 

.331 

.530 

.109 

.025 

-.002 

.089 

.017 

•789 

-.006 

.136 

.708 

-.015 

-.043 

.022 

,298 

-.061 

.573 

-.077 

.001 

.915 

-.387 

.003 

-.006 

.551 

.004 

.001 

.003 

.006 

.006 

1.352 

.006 

.024 

.187 

.430 

-.033 

.585 

-.050 

.086 

.147 

-.013 

.232 

.002 

.813 

.187 

.716 

.020 

-.015 

-.015 

.129 

.682 

.031 

.534 

.099 

.751 

-.011 

-.021 

-.059 

.021 

.814 

-039 

.310 

.048 

.615 

.007 

-.004 

-.007 

.027 

1.043 

-.094 

.356 

.074 
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